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When objects are placed in a flowing fluid, they exhibit drag, lift or both. This is true whether
the medium is air, water, or another fluid. This monograph will concentrate on air flow around
various shapes, both in theory and during measurement using a wind tunnel. It is not meant
as a comprehensive reference on the subject; in fact, prediction of lift and drag in objects, be
it on actual objects, in a wind tunnel, or predicted using the methods of computational fluid
dynamics (CFD,) is a large and complex subject.
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Overview of Lift and Drag

The difficult part of the formulation turned out to be the constant C. Newton assumed that the particles in the fluid flow
had no influence on each other. In one sense, this states that
the flow was inviscid. To understand what this means, let us
turn back to Bernoulli’s equation, thus

We will begin with a brief overview of lift and drag on
objects in a fluid with relative velocity between the two. We
will barely scratch the surface here. Much of the material
that follows comes from Prandtl and Tietjens (1934).
Basic Theory
Anyone who has stood in a wind knows that the moving
air exerts a force on the object it’s blowing past. Knowing
that force exists is one thing; quantifying that force is another matter altogether. The first attempt to do so actually
goes back to Newton, who formulated the first “law” by stating that the force exerted by a fluid with motion relative to an
object can be related by the equation
F D = CAρu2
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or

where
• u1 , u2 =velocity at points 1 and 2
• g =acceleration due to gravity
• h1 , h2 =height in the gravity field
• p1 , p2 =pressure at points 1 and 2
In previous experiments with flow metering devices and
valves, we have discovered that Equation 3, as written, does
not have any provision for losses within a control volume.
We can introduce these experimentally, and do this all the
time.
In Equation 3 there are three terms, from left to right:
1. Kinetic or velocity term
2. Potential or gravity term
3. Pressure term
If we get down to a one-dimensional differential formulation
of this, with a differential cylindrical element where fluid

(1)

where
• F D =drag force (we’ll start with drag and get to lift
later)
• A =projected frontal area of the object in the direction
of the flow1
• ρ = density of the fluid
• u =velocity of the fluid in the direction of the fluid flow
• C =a constant
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As one CFD student put it, it’s important first to know which
way the wind is blowing, which is the connection between fluid mechanics and politics. When he was accused of changing his position
like the turning of a weather vane, French Prime Minister Edgar
Faure responded that it wasn’t the weather vane which changed, but
the wind!
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Figure 1. Pressure Distribution for Flow Around Cylinder,
Inviscid Model, M = 0.3 (from Hasbestan (2016))
Figure 2. Streamline Flow Around Cylinder, M = 0.1, Re =
20 (from Hasbestan (2016))
flow and pressure changes only take place at the two ends,
Equation 3 can be written as follows:2
∂p
∂u
− ρg∂A∂x cos ᾱ − ∂A p − p +
∂x
∂t
∂x
(

ρ∂A∂x

!)
= 0 (4)

where ᾱ is the angle of the cylinder with respect to the
horizontal axis. This is the one-dimensional Euler equation,
and it can be expanded into a two- and three-dimensional formulation. The three terms correspond exactly with Equation
3. There is no provision for viscosity here; with the Euler
equation the flow is considred inviscid.
Many (including Euler) were hoping that the relative simple formulation of Equation 4 would lead to theoretical solutions of Equation 1, and thus allow the estimation of drag
on objects with relative motion to the fluid. Unfortunately
in 1752 the French scientist Jean le Rond d’Alembert proposed his paradox, which stated that, for incompressible and
inviscid flow, the drag force around an object is zero.
To illustrate this, consider Figure 1, an inviscid CFD pressure plot around an infinitely long cylinder, generated using
the two-dimensional formulation of Equation 4.
Note that the pressures, both at the surface and beyond,
are symmetric all around the cylinder. This means that the
net force of the fluid on the cylinder is zero, even though the
fluid is moving from left to right! Note also that the plot is
for a given Mach number; this is the ratio of the velocity of
the air to the speed of sound of the air, or
u
(5)
u sonic
The speed of sound for air can be estimated by the equation
M=

u sonic =
where

√

• M = Mach number
• u sonic = speed of sound, ft/sec
• T = air temperature, deg. Rankine (not Fahrenheit)
• k = ideal gas constant, for air 1.4
• R = 53.3 f t−lb f/lbm −◦ R for air at standard temperature and
pressure (for the variation of this with altitude, see Fox and
McDonald (1973))
d’Alembert’s Paradox proved to be a real “brown pants”
moment for fluid mechanics; it was not until the following
century when viscosity began to be considered in theoretical considerations by researchers such as Saint-Venant and
Stokes, and comprehensive computational implementation of
this proved to be too much for the time, especially with turbulent flow.
Drag
While numerical simulation of viscous flow awaited computational fluid dynamics, experimental work continued.
While the actual results will vary with Reynolds and Mach
number, a typical streamline depiction of flow around a cylinder is shown in Figure 2.
The fluid is flowing from left to right. On the front (left)
side of the cylinder the streamlines are very close, and the
velocity varies from the free stream velocity u∞ to zero at
the surface. The region close to the surface where this takes
place is referred to as the boundary layer, and the drag on
the cylinder from this makes up the first type of drag to be
considered, the friction drag.
A pressure distribution around a cylinder is shown in Figure 3.
In this equation, I use the ∂ notation throughout, even though
the d is really correct in most instances. This is to prevent confusion, with d being considered a variable.
2

kRT

(6)
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Figure 4. Vortex-Induced Pressure Pattern in Drag Flow
Around Cylinder, M = 0.1, Re = 200 (after Hasbestan
(2016))
Figure 3. Pressure Contours for Viscous Flow, M = 0.1, Re =
40 (from Hasbestan (2016))

Note that the pressures in the front are elevated while
those in the back are depressed. The frontal pressures result
from stagnation, which will be discussed below. The rear
pressures are due to the effects of the slipstream. The result
is that the pressure distribution around the cylinder is asymmetric, and that there is a net drag force in the direction of
the fluid flow. This is referred to as pressure drag, the second
type of drag we will consider.
Having identified most of the sources of drag, we can now
turn to how drag forces are computed for objects with velocity relative to that of air. Amazingly, in spite of the inadequacies of Equation 1, the equation we actually use is similar to
it in form. The drag force of an object is generally computed
using
FD = CD A

ρu2
2

(7)

where
• F D =drag force
• C D =drag coefficient
• A =projected area of object perpendicular to direction
of flow
The drag coefficient can be determined in several ways:
• Using an analytical, closed-form solution. This is generally only possible with laminar flow; turbulent flow is simply too complex for this type of analysis; an example of this
can be seen in Figure 4.
• CFD simulations, although we must make sure our
model can be verified both for its numerical integrity and an
accurate representation of the physics.
• Model tests, such as the wind tunnel tests which are the
subject of this monograph.
In theory, the drag coefficient C D can be determined by
some method for all sizes of a certain shape and all densities
and dynamic viscosities of an object. In reality, this is not

Figure 5. Wind Tunnel Model, F-111

the case, and we thus must consider the matter of sizing and
similarity.
Dynamic Similarity
Consider the wind tunnel model of the F-111 fighter
shown in Figure .
Obviously the actual airplane was much larger than this
model; in fact, this model is 1/24 scale. Yet it was used to
determine the various aerodynamic parameters necessary for
the successful design and operation of the aircraft, and that
includes drag coefficient. How is this possible?
We see in Figures 2 and 3 that the pressure differences
on the cylinder are due to the action of both the viscosity
and, following Equation 4, either/or the gravity or the inertial components. For a situation such as this, we can generally neglect the effect of gravity, and consider the viscous
and inertial forces. Starting with the viscous forces, you will
recall from an earlier monograph that, for viscosity,
τ=µ
where, as before,
• τ =shear stress

∂u
∂y

(8)
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• µ =dynamic viscosity (for this presentation, we will assume a Newtonian fluid, thus the viscosity is constant)
• y =distance
• du
dy =shear gradient
Differentiating this yields
∂2 u
∂τ
=µ 2
∂y
∂y

(9)

which represents the pressure change due to viscosity. Using the first term of Equation 4, the pressure change due to
inertial effects can be written as
m̄ = ρ∂x

∂u
∂t

(10)

where
• m̄ =pressure change due to inertial effects
Differentiating again,
∂m̄
∂x
∂u
=ρ
= ρu
(11)
∂x
∂t
∂x
The ratio of these two is, when some substitutions are
made to the differential quantities,
ρ∂x ∂u
ρu
Inertia Force
ρuD
= ∂2 u∂t = Du =
= Re
Frictional Force
µ D2
µ
µ ∂y2
2

(12)

where
• D =size of the object, pipe or flow channel
We recognize this instantly as the Reynolds Number, probably the single most important dimensionless quantity in fluid
dynamics. It is named for Osborne Reynolds, who first used
it in his tests on dynamic similarity, or scaling. In spite of
the highly informal method of derivation, dynamic similarity
allows us to transfer the results of tests from one object of
one size to another object of the same configuration, if we
can vary ρ, µ, D or a combination of the three. The first two
require the use of a variable density wind tunnel, which is a
necessity for serious wind tunnel testing. The issue of size
depends upon the size of the wind tunnel itself; obviously
the larger (and more expensive) the wind tunnel, the larger
the objects that can be tested there, and the closer in size to
what actually flies can be tested. This makes for an expensive
wind tunnel.
For example, for the F-111 model, since the scale model
has a D of 1/24 of the actual aircraft, if we can increase the
quantity ρu/µ by a factor of 24, then the Reynolds number
will be the same and we will have dynamic similarity. Obviously reality is more complicated than that for a shape such
as the F-111, and the fact that this airplane files supersonically (with the attendant shock waves) further muddies the
water. But for many cases, this will hold.
In any case, for the cylinder we have been considering the
drag coefficient vs. Reynolds number is shown in Figure 6.

Figure 6. Drag Coefficient vs. Reynonds Number for
Smooth Cylinder (from Wolfram Research)

We can see that the drag coefficient decreases uniformly as
Reynolds number increases up to past Re = 105 , after which
it abruptly drops and then increases again. This is a turbulence effect, one that can be altered by whether the surface is
smooth or rough, or how it is rough.
For shapes where drag is the only thing we are measuring,
a plot of this kind is generally the best thing to do. To accomplish this, a cylinder is placed in the wind tunnel and the
drag force is measured for differing velocities of air past the
cylinder. As a check, a different size cylinder can be used,
although the change in D will change Reynolds numbers for
the same air velocity, density and dynamic viscosity. Many
research grade wind tunnels can vary all of these parameters,
others cannot.
One thing that should be mentioned at this point is that
not all dynamic similarity is based on the Reynolds number.
For drag of a ship passing through water, inertia and gravity
forces predominate, and so we use the Froude number, which
is the ratio of inertia force to gravity force, thus
Fr =

u2
Dg

(13)

where
Fr = Froude number
Lift
We noted that one source of drag was pressure drag, i.e.,
the differential force between the front of the object and the
back side. In the case of drag, that works against us, because
it resists the flow and, usually, requires work to move against
it. But what if we could use a pressure differential in our
favour, e.g., to apply an upward force to an aircraft and thus
allow it to fly? That is basically what lift is all about.
Up to now we have considered symmetric objects which
are basically “blunt,” although there are certainly blunter objects than the cylinder. To reduce drag, we can streamline objects to reduce their drag coefficient. For many applications,
such as motor vehicles, that is enough. But we can also break
the symmetry and obtain lift, under the right circumstances.
Virtually all aircraft have wings, which are formally referred to as airfoils. In addition to being streamlined, these
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Figure 7. NACA0012 Airfoil Model
Figure 9. Pressure Contours for NACA0012, M = 0.5, α =
2◦ (from Hasbestan (2016))

Figure 8. Pressure Contours for NACA0012, M=0.8, α = 0
(from Hasbestan (2016))

airfoils are usually geometrically asymmetric. But that’s not
always the case. The airfoil that we will be studying in detail
is geometrically symmetric, but still capable of generating
lift.
In the 1930’s the National Advisory Committee for Aeronautics developed a series of airfoil cross-sectional profiles. They were designated as “NACAxxxx”, where the
last four characters represented the percentage of the maximum thickness of the airfoil to the chord (Lusk (1940).) The
NACA0012 airfoil thus has a maximum thickness of 12% of
the chord. This airfoil is probably the most studied profile in
aviation, both in wind tunnel testing and certainly in computational fluid dynamics. A photo of a model of this section
(with many of the terms illustrated) is shown in Figure 7.
A pressure plot of the airfoil with the air flow parallel to
the chord is shown in Figure 8.
On the leading edge we see the high pressures due to stagnation, which we will discuss. But the pressures on the top
surface of the airfoil and those on the bottom are the same.
There is thus no net lift, although we can see evidence of
pressure drag.
That will change when we tilt the airfoil relative to the

Figure 10. Pressure Contours for NACA0012 , Inviscid
Solver, M = 0.15, Re = 9 × 106 , α = 2◦

airflow, as we can see in Figure 9.
We can see the stagnation point rotate around the leading
edge a bit. But the pressures around the wing are not longer
symmetric; the pressures on the lower surface are higher than
the upper one. We thus have lift on the airfoil. One advantage of asymmetric airfoils (and the reason why they’re used
more often) is that they are able to generate lift at zero angle
of attack, which allows the fuselage to be more level during
flight.
One interesting aspect of lift is that, within wellprescribed limits, it can be anticipated with inviscid solvers.
Figure 10 shows the results of such a solver for the same
airfoil at a the same angle of attack of attack as Figure 9.
Comparing Figures 10 and 9 indicates that inertia plays a
larger role in lift than it does in drag, as the two show similar
patterns. Comparison of Figures 1 and 3 (with only drag)
shows an entirely different relationship. Also, Figure 10 is
presented for a given Reynolds number. Any airfoil result
should include the Reynolds number and also (preferably)
the Mach number. The “diameter” D is the length of the
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Figure 11. Lift and Drag Coefficients for NACA0012, M =
0.15, Re = 9 × 106 (from Abbott and von Doenhoff (1959);
Fox and McDonald (1973))

Figure 12. Comparison of Lift and Drag Coefficient,
NACA0012 Airfoil, M = 0.15, Re = 9 × 106 (from Abbott
and von Doenhoff (1959); Fox and McDonald (1973))

chord.
A product of the shift to the predominance of inertial effects is that it is easier to obtain accurate data for lift than it
is for drag (the same phenomenon can be observed in CFD.)
A comparison of the results of an inviscid solver (S) to actual
experimental tests (E) is shown in Figure 11.
We first note that, just as there is a drag coefficient, a lift
coefficient can be defined as follows:

The drag coefficient increases with increasing angle of attack with the experimental data. Drag with the inviscid solver
is nearly negligible until stall, as we would expect. After that
point it decreases, which probably means that we are looking
more at the breakdown of the numerical method (something
we should always watch for in engineering practice) than a
physical reality.
Plotting and Tabulating Lift and Drag

ρu2
FL = CL A
2

(14)

where
• F L =lift force
• C L =lift coefficient
The area for an airfoil is its planform area. If we look at Figure 7, for an airfoil with parallel ends and parallel leading and
trailing edges, a rectangle is formed and the area is simply the
chord multiplied by the span. For airfoils where a rectangle
is not formed, the calculation is a little more involved, but the
principle is the same.
For both the inviscid solver and the experimental data, the
lift and the angle of attack have an approximately linear relaL
tionship. The slope of this line is referred to as dC
dα , and we
will have occasion to compute it below. This is only true up
to a point; after a certain angle of attack, the lift coefficient
actually drops. This is referred to as stall; many an aircraft
has come to the ground prematurely because of it.
The inviscid solver also displays a linear relationship between the lift coefficient and the angle of attack; in this case,
L
however, the dC
dα for the inviscid solver is higher than that
of the experimental data. This leads to greater divergence
between the two with increasing angle of attack. At the stall
point for the experimental data, the inviscid solver levels out
but does not stall in the same way.

This in turn brings us to a discussion on how to plot lift
(and drag) coefficients for airfoils. For symmetric objects
where only drag is an issue, a C D vs. Re plot such as Figure 6
is entirely appropriate. Although the addition of the angle of
attack suggests a three-dimensional plot, a more customary
plot is shown in Figure 11, where C L and C D are plotted for a
given Mach number and Reynolds number while varying the
angle of attack. We can also plot the relationship between
the drag and lift coefficients, as shown in Figure 12.
Another way of reporting airfoil data is to tabulate the results. This can be done because of the relationship between
angle of attack and lift coefficient is more or less linear up to
the stall point. Although it is not as complete as plotted data,
it is more compact. An example of this for the NACA0012
airfoil is shown in Table 1.
Notes on Table 1:
1. Ratio of span to chord (see Figure 7) cs = 6.
L
2. dC
dα = slope of the plot of lift coefficient vs. angle of
attack
3. C D0min = drag coefficient at minimum angle of attack
D
4. dC
dC L =slope of the plot of drag vs. lift coefficient, in this
case 0.3 < C L < 0.8
5. C Lmax = maximum lift coefficient before inception of
stall
6. α at C Lmax = angle of attack at maximum lift coefficient
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Table 1
Characteristics of the NACA0012 Airfoil (from Wood (1935))
Parameter
Value
M (approx.)
0.07
Re
3.5 × 106
dC L
0.073
dα
C D0min
0.083
dC D
0.059
dC L
C Lmax
1.53
α at C Lmax
22◦
C D at C Lmax
0.174

Figure 14. Open Return Wind Tunnel

Figure 13. Teaching and Demonstration Wind Tunnel

7. C D at C Lmax = drag coefficient at maximum lift coefficient
8. This table can be formulated with multiple columns for
multiple Mach and Reynolds number combinations
Wind Tunnel Testing
Now that the basic theory of wind tunnel testing is laid
out, we can consider some of the “nuts and bolts” behind
conducting wind tunnel testing.
The Wind Tunnel
A wind tunnel such as is used for teaching and demonstration is shown in Figure 13. These types of wind tunnels have
a long history (Wood (1935).)
This is referred to as an “open return” wind tunnel. A
schematic of such a tunnel is shown in Figure 14. There
are other types, including those with a closed return, which
channels the return air rather than just letting it circulate in
the room. This is advantagous with variable density tunnels.
The sample is mounted on a stem in the central (clear) section of the tunnel. Symmetric objects are secured to the end
of the stem, which is at the center axis of the tunnel. Nonsymmetric objects (such as airfoils) are likewise secured but
it is possible to vary the angle of attack of these objects. The
results in both cases are read from a device that measures

Figure 15. Data Panel for Wind Tunnel

the force and reports it using indicators such as are shown in
Figure 15.
Pitot Static Tube and Stagnation
Facing the air intake in the wind tunnel and upwind from
the mounting stem is a pitot static tube. This is used to measure the airspeed in the wind tunnel. A schematic is shown
in Figure 16.
As is evident from Figure 16, the pitot static tube is based
on Equation 3 solve for u1 without consideration of gravity. It
is necessary to offset the total pressure by the static pressure
in order to include only the kinetic effects of the moving fluid
in the calculations (and thus compute the airspeed.) Generally the pitot static tube is used mounted in the center axis of
the wind tunnel; if desired, it can also be moved to obtain a
velocity profile in the wind tunnel.
The phenomenon the pitot static tube uses is that of stagnation, i.e., the conversion of the kinetic energy of the fluid
to pressure (and with it an increase in temperature.) Stagnation is present at the leading edges of both the cylinder and
the airfoil we have investigated. The temperature increase
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time than running the actual tests.
Another important parameter of wind tunnel testing is the
density and viscosity of the air. This must be estimated based
on the pressure inside of the tunnel. For the wind tunnel as
shown in Figure 13, this will not vary much from the outside,
but it is important to use as accurate data as possible for the
properties of air. If accurate readings inside of the laboratory
are not available, at the very least the U.S. Standard Atmosphere should be used, based on the altitude of the tunnel.
Units

Figure 16. Pitot Static Tube Schematic

is especially pronounced in supersonic and hypersonic flight
such as the re-entry of vehicles from space. This is why heat
shielding is essential for any vehicle returning from space;
failures of same are catastrophic, such as the space shuttle
Columbia in 2003.
Pitfalls of Wind Tunnel Testing
It seems straightforward to place an object into the wind
tunnel, take appropriate measurements of lift and drag, and
determine the coefficients. Wind tunnel testing has many pitfalls, and thus must be conducted with care. There are many
important sources of error in wind tunnel testing; the most
important two of these are as follows:
1. Tare. Wind tunnel models cannot be hung “on thin air,”
so to speak; they must be affixed to the wind tunnel itself,
generally either by wires or struts. These wires or struts,
however, have drag (and if not symmetric, lift) of their own,
and the flow around these can also interact with the flow
around the object being tested. The “obvious” solution to
this is to measure the drag of the wires or struts without an
object attached to them, but this does not take into consideration the interaction between the attached object and the
retention system.
2. Interference. In the equations we refer to “free stream”
flow, which means that the boundaries of the system are, in
theory at least, infinite. Obviously the wind tunnel has finite boundaries. When air is blown through the tunnel, its
mass and volumetric flow are obviously affected by the finite
cross-section of the wind tunnel. That cross-section is affected by whatever we put into the tunnel; those effects produce error. This is in fact a third source of drag in addition to
friction and pressure drag.
For really accurate and meaningful results, these factors and
others are addressed in a thorough way. This makes wind
tunnel testing expensive; setting up the test takes far more

One thing that students frequently get wrong are the units
for the test, which in turn renders all of the results useless. It
is important to make sure that the units used are consistent,
that the units used for density and viscosity are correct, and
that they match what you are using elsewhere.
One way to eliminate sources of error is to use the kinematic viscosity of air in place of the density and kinetic viscosity. We should rewrite Equation 12 as follows:
Re =

uD
ν

(15)

where
• ν = kinetic viscosity
Conclusion
Wind tunnel testing is an important testing technique for
any object that has relative motion to a fluid, be it an aircraft,
nautical vessel, or road vehicle. In order to conduct it properly, the principles of lift, drag and dynamic similarity must
be understood completely. Although small wind tunnels such
as shown in Figure 13 are limited in their capabilities, the use
of these to learn these principles is a profitable one.
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